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EXTREMAL PROBLEMS FOR QUASICONFORMAL MAPS
OF PUNCTURED PLANE DOMAINS

VLADIMIR MARKOVIC

ABSTRACT. The main goal of this paper is to give an affirmative answer to
the long-standing conjecture which asserts that the affine map is a uniquely
extremal quasiconformal map in the Teichmiiller space of the complex plane
punctured at the integer lattice points. In addition we derive a corollary
related to the geometry of the corresponding Teichmiiller space. Besides that
we consider the classical dual extremal problem which naturally arises in the
tangent space of the Teichmiiller space. In particular we prove the uniqueness
of Hahn-Banach extension of the associated linear functional given on the
Bergman space of the integer lattice domain. Several useful estimates related
to the local and global properties of integrable meromorphic functions and the
delta functional (see the definition below) are also obtained. These estimates
are intended to study the behavior of integrable functions near singularities
and they are valid in general settings.

1. INTRODUCTION

Let M be the hyperbolic Riemann surface and let Teich(M) denote the Teich-
mueller space of the surface M. Each point in Teich(M) can be represented in
the following way (see [0],[14]). Let f denote a quasiconformal map of the surface
M onto another Riemann surface N. Denote by [f] the class of all quasiconformal
maps defined on M such that the quasiconformal map g belongs to [f] if and only
if the composition f o g~! is homotopic to a conformal map. We say that [f] is an
element of Teich(M). It is well known (see [6],[14]) that the Teichmueller space is
a complex manifold with the naturally defined complex structure coming from the
Bers emmbending.

Denote by A'(M) the complex Banach space of all integrable holomorphic qua-
dratic differentials on M. The space A'(M) is also called the Bergman space of
the surface M. The tangent space of Teich(M) at the origin [id] of Teich(M) is
isomorphic to the Banach dual of A'(M). Denote by L*(M) and L>°(M) respec-
tively the complex Banach spaces of all integrable quadratic differentials on M and
all essentially bounded (—1,1) complex forms on M. It is well known that L (M)
is the Banach dual of L'(M). Since A'(M) is a subspace of L!(M) it follows that
every bounded linear functional on A (M) can be represented by some p € L>(M).
Since this choice is not unique we denote by [u]* the class of all elements of L>°(M)
representing the same linear functional as pu.
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Recall that the map ¢ € [f] is said to be an extremal quasiconformal map in [f]
if the following condition is satisfied:

Belt oo = inf ||Belt(h)| o,
|Bett(g) | =, inf || Bett(n)]

where Belt(g) = % is the Beltrami differential of g. The map g is uniquely extremal
in [f] if there are no other extremal maps in [f]. The classical extremal problem,
first studied by Grétzsch and Teichmueller, is to determine whether the class [f]
contains a uniquely extremal map (for example, see [6],[14],[18],[21]). Let

Z ={zky 2y =k+il, k1l eZ}
be the integer lattice in the complex plane, and
S=C\Z
the corresponding plane domain. If K > 1, let
Ak (z) = Kz +1iy

denote the affine map of the complex plane. Denote by [Ak] the corresponding
element of Teich(S). The main purpose of this paper is to give an affirmative
answer to the following well known conjecture posed for the first time in [19].

Conjecture 1 (Reich, Strebel). The affine map Ak is a uniquely extremal quasi-
conformal map in its class [Ax].

Our main result is

Theorem 1.1. The affine map of the domain S is uniquely extremal in the class
[Ak].

In their paper [19], E.Reich and K.Strebel proved that Ak is extremal in [Ag]
answering the question of I.Kra. Moreover, they characterized all punctured plane
domains where the affine maps are extremal. The corresponding question for unique
extremality seems to be more difficult.

The lattice domain S has certain important symmetry properties. To illustrate
them we observe the following. The domain S is invariant under translation for
vectors z,; € Z. Therefore S is a natural covering surface of the once punctured
torus T. The corresponding complex structure on T is uniquely determined by
the choice of the covering group G. The group G is generated by the translations
z+1 and z +¢. Affine map Ag preserves the structure of the torus and therefore
represents the element of the T'eich(T) itself. The group of covering transformations
is isomorphic to Z @ Z. It interesting to note that this group is amenable (see [13]).
By the results of C.McMullen (see [13]) we conclude that the classical Poincare
Theta operator © : A'(S) — A'(T) has the Banach norm equal to one. The
Banach space A'(T) is of the dimension one. By the application of the well known
Hamilton-Krushkal-Reich-Strebel for extremality, one concludes that the affine map
Ak is an extremal quasiconformal map. This observation provides an alternative
proof for extremality of the affine map of the domain S. This is also related to
certain similar problems treated by K.Strebel, C.McMullen, I.Kra (for an example
see [13],[211,[22]).

So we have demonstrated that the lattice domain has some nice properties closely
related to the fact that Ag is extremal. But concerning the question of unique ex-
tremality it seems that the essential fact which implies the unique extremality is the



EXTREMAL PROBLEMS FOR QUASICONFORMAL MAPS 1633

distribution of the set Z near infinity in the complex plane. Our proof makes use of
algebraic and geometric lattice properties, but since we believe that the distribution
of the points is essential we conjecture the following possible generalization of our
result:

Conjecture 2. Let P be an infinite set of points in the complex plane with the
property that for any given disc of Fuclidean radius one in the compler plane, one
can find point p € P which belongs to the given disc. Then the affine map of the
domain C\ P is uniquely extremal.

There exist several important characterizations of the unique extremality in
terms of the geometry of Teichmueller space Teich(M) of Riemann surface M (see
[5]). In particular if M is a plane domain, then the affine map Ay is a uniquely
extremal quasiconformal map of M if there exists a unique normalized isometry of
the unit disc into the Teichmueller space of the plane domain M. There exists spe-
cial interest in studying the isometries of the unit disc into the Teichmueller space

of punctured plane domains (see [2]). We state the following corollary of Theorem
1.1. Tts proof follows directly from Theorem 1.1 and Theorem 6 in [5].

Corollary 1. There exists a unique isometry f of the unit disc A into the Teich(S)
with the following properties: 1° f(0) = [0] and 2° f'(0) = [1]*.

We now recall the recent results which have provided the complete analytic
characterization of uniquely extremal quasiconformal maps. Then we state the
corollary of Theorem 1.1 related to the classical dual extremal problem related
to the uniqueness of Hahn-Banach extensions. Recall that each bounded linear
functional A\ on L'(M) is uniquely represented as

Ao = [Re(om, e L),
M
where p is a fixed element of L*°(M). Suppose that f : M — N is a uniquely

extremal quasiconformal map. Set u = Belt(f). One of the two main results in [3]
(see also [4],[11],[10],[12]) is:

Proposition 1.1. The mapping f is a uniquely extremal quasiconformal map if
and only if the linear functional X : A*(M) — C given by

A@%:/Rdmm b€ AV(M),
M

has a unique Hahn-Banach extension to L'(M).

The linear functional A is also said to be HBU (abbreviation for Hahn-Banch
unique) if it has a unique Hahn-Banach extension from A'(M) onto L'(M). This
proposition gives the necessary and sufficient conditions for the map f to be uniquely
extremal. It also represents a generalization of the well known characterization of
extremal quasiconformal maps obtained by Reich, Strebel, Hamilton, Krushkal (see
[6],18],[14],[18],[21]). From Theorem 1.1 and Proposition 1.1 we derive the following
corollary:

Corollary 2. Let \ denote the linear functional on A'(S) given by

M@=&!¢
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Then the linear functional \ has a unique Hahn-Banach extension onto the space
LY(C).

In order to prove Theorem 1.1 we do not work directly with the quasiconformal
maps of the integer lattice domain S. The following proposition is due to E.Reich
(see [16]). It gives sufficient conditions for the affine map to be uniquely extremal.
With the notation stated above we have

Proposition 1.2. Let M be a plane domain. The affine map Ak is a uniquely
extremal quasiconformal map in [Ak] if there exists a sequence {¢n}, ¢pn € AY(M)
and a constant C with the following properties:

10

5(¢n) = / |¢n| - Re(¢n) = (5(¢n) < C, n € N.
20
lim ¢, (p) =1, peM.

n—oo

3°If Q. ={z € M : |¢pn(2)| > K}, then we have

dm / [#n] =0

QK n

uniformly in n € N.

It is known (see [3],[4],[10],[12]) that the affine map is uniquely extremal if and
only if there is a sequence ¢,, from A'(M) which satisfies the first two conditions
of Proposition 1.2 and that in particular 6(¢,) — 0 when n — co. Although this
last statement provides the necessary and sufficient conditions it is usually easier to
construct a sequence where the § functional is bounded and the third condition of
the above proposition is satisfied rather then a sequence where the delta functional
tends to zero. On the other hand it is known to be hard to construct such sequences
and to date there are only a few such examples (for an example see [16]). We
will explicitly construct the corresponding sequence which satisfies the conditions
of Proposition 1.2 and where the corresponding plane domain M is the lattice
domain S. The remainder of the paper is organized as follows. In Section 2 by
using the elementary properties of the suitably chosen elliptic function we introduce
representation of functions from A'(S) (in the remainder of this paper we write just
A1), In Section 3 by using this representation result from Section 2 we construct
the sequence {¢,} which satisfies the first two assumptions of Proposition 1.2. In
Section 4 we complete the proof of Theorem 1.1 by proving that that the sequence
{¢n} we construct in Section 3 satisfies the third assumption of Proposition 1.2.

Acknowledgment. I am thankful to V.Bozin and E.Reich for reading the manu-
script and for their valuable suggestions.

2. REPRESENTATION OF FUNCTIONS FROM A'

The function ¢ € A! is a meromorphic function with at most the first order
poles at the lattice points z;; € Z. Denote by A ; the residue of ¢(z) at the point
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Z,1- Since ¢(z) is an integrable function in the complex plane we find that ¢(z) is
uniquely determined by A;; and moreover it admits the representation

for z € S. But in order to construct the sequence which satisfies the assumptions
of Proposition 1.2, it is not convenient to use the above representation. In this
section we prove that there exists a suitable representation which applies to certain
functions ¢ € A'. Let W denote another integer lattice in the complex plane,

obtained by translating the lattice Z by the vector % That is, we have

1 1
W:{wk,l:wk,l :k+§+i(l+§),/€,l62}.

While Z represents the part of boundary of the domain S we have that W is a
subset of S. Set ¢p(wg,;) = a1, k,l € Z. From the mean value property theorem for
analytic functions it follows that the double sequence ay; is absolutely integrable,

that is we have
Z |Oék71| < o0.
k,l

On the other hand the following question naturally arises. Whether for every
absolutely integrable double sequence ay; there exists a function ¢ € A! such
that ¢(wk,) = ag;. In general the answer is negative as we will soon see. The
objective of this section is to show that under additional assumptions on the double
sequence oy we can explicitly construct function ¢ € A' which satisfies the above
assumption. The corresponding result is given by Lemma 2.1.

Let us recall a few facts from the theory of elliptic functions (see [I],[9]). There
exists a unique meromorphic function P(z) in the complex plane with the following
properties:

1° P(z) = —P(z+1) = —P(z +1).

2° P(z) = (2 —wo,0) + o(z — wo,0), for z near wy .

3° P(z) has only the first order poles at the point zx; € Z.

The function P(z) is the normalization of the classical Jacobian eliptic cosine
function. The function P(z) can also be understood in the following way. Set
Ti(z) = z+(1—14) and To(z) = z+ (1 +¢) and let ' be the Abelian group generated
by T1 and Ty. Then S/T is the well defined Riemann surface conformally equivalent
to the twice punctured torus. There are only two linearly independent integrable
holomorphic quadratic differentials supported on S/T". One of them is represented
by the constant function and the other one is represented by the function P(z).

The periodicity of P(z) further yields the following conclusions (see [1],[9]) about
zeroes and poles of the function P(z). P(z) has the first order poles at the points
zk1. The residues of P(z) at the points zj; are uniquely determined by value of
the residue of P(z) at the point z,, which can be expressed as the value of certain
special function (see [I]). But in this paper we do not need the exact values of
these residues because we only use the fact that P(z) has the first order poles at
the points zx;. On the other hand P(z) has the first order zeroes at the points wy,
and the function P(z) admits the following representation near the point wy:

(1) P(z) = (—1)(k+l) (z — wi,1) + o(z — wg ).
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Next, we define the connected domain Sy by
§1={z€8: min |z — 2 > -}
={z : min |z — 2 -}
1 o, kil > 3

The function P(z) is analytic on S;. From the periodicity of P(z) (also one
may understand S7 /T as a compact subset of the above mentioned twice punctured
torus) and the fact that P(z) has the zeroes at the points wy; we conclude that
there is a constant C7 > 0 such that the estimates

(2) P(z)| < Cu,

|P(2)]
|Z — wk,l|

(2) < (Ch, z €81
hold when z € S;.

Suppose that « is a complex number and (p, ¢) an arbitrary pair of integers. Set

—1)Pta) 4
3) o(z) = T e

%= Wpyg
The function ¢(z) satisfies

(4) d)(wk,l) =0, (ka l) # (pa (J)

and ¢(w, 4) = a. It is easy to see that ¢ does not belong to A because it behaves

as O ‘—i‘ when z € S; and z — oo. We conclude from (3) and (4) that if one
takes the double sequence oy, ; such that only o, ; = « is different than zero, then
this double sequence is absolutely integrable but the corresponding meromorphic
function ¢ is not. On the other hand, let a;; be an arbitrary double sequence of
complex numbers. By replacing a = ay; in (4) for each pair (k,!) and by summing
over k,l € Z we formally obtain the following sum:

1) (kD o
(5) b(z) = Po) 3 EU Tt

Z—w
ol k,l

In general the above sum does not even converge. The following lemma shows that
under the additional assumptions on the double sequence ay,; the series given by
(5) converges uniformly on compact sets in S and that the corresponding sum ¢(z)
is an integrable meromorphic function.

Lemma 2.1. Suppose that {ag,}, k,l € Z, is a double sequence which satisfies the
following properties:

1oy =a k=0 g 1,1 1=, k1.

20

> Jaklfwi] < oo

k,l

Then the corresponding function ¢ given by (5) is well defined and ¢ € A'. Also
P(wi,1) = Q-
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Proof. By using the assumption 1° we obtain the following identity:

(—1)(k+l)ak,l N (_1)(7l71+k)a7171’k N (_1)(716717[71)047]@71,7171

(6) Z— Wy z — i’wa Z + Wk,
LD Yay A(=1)*D ()2
z +iwg B 24—y .

By combining the identities (6) and (5) we can rewrite the series given by (5)
(without changing its sum) as

(7) ¢(z)=P(z) )

We show that the series given by (7) absolutely converges. By the change of vari-
ables we obtain

(8) / |4w,3’lz| dxdy = 4|w |/ 12 dedy = 4wy |1
T A =dwpg| | T = 4wy,
J T J -

where z = x + iy and the last integral I in (8) exists. Estimating the series given
by (7) we have

A ag | |[wi 1] ]

|6(2)] < 1P(2)]

k150 |z 4_wkl|

for each z € S. By using the identity (8) we obtain

Afevk 1| [wg |||
/ g — i kjll drdy =1 g |k 1] | w1
|24 — wy

& \ki>0 7l| k,1>0

From the assumption 2° we conclude that the series given by (7) absolutely con-
verges for each z € S, and therefore ¢(z) is a well defined analytic function on S.
Moreover from the definition of ¢ it follows that ¢ has at most the first order poles
at the points 2z, € Z.

To conclude that ¢ is integrable on C we start with the following estimate which
is a consequence of the above two inequalities:

9) /|¢| <l S Janllwn]

k,[>0

where C is the constant deﬁned by (2) and (2’). So we have that ¢(z) is integrable
on Sp. Since ¢(z) has at most the first order poles at the points z;, for each zx
we obtain the following representation of the function ¢(z):
ag Z(Z) 1
Z)=—"F"">=, |z—2% < =,
¢(2) p—— |z = 2l < 5
where ay;(z) are analytic functions in |z — 21| < 5 for each (k,1). By using the
above representation of the function ¢(z) and by sw1tch1ng to the polar coordinates
one concludes that the estimate

1
(10) / o] < sG-1) / 9]
378
lz2—2p,|<% 2 <lz—zr,1|<3
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holds for each z; ;. This follows from the fact that the integral means of the func-
tions |ag,;(2)| increase with the increasing radius. Now by using (9) and (10) we

find
/|¢| <2011 > ok | [wi|
C

k,1>0

and therefore we have proved that ¢ € A'. As we already have shown the fact that
d(wg,1) = ag, follows at once from the definition of ¢ and the properties of the
function P(z). O

3. CONSTRUCTION OF THE SEQUENCE AND MAIN LEMMAS

The objective of this section is to construct the sequence ¢, (z) which satisfies
the assumptions of Proposition 1.2. We establish some important properties of this
sequence and in this section we actually prove that ¢, (z) satisfies the conditions
1° and 2° of the Proposition 1.2. In order to construct this sequence we use the
representation we introduced in the previous section, that is, we apply Lemma 2.1.

For each n € N we define the double sequence {as ;(n)} by

(11) ag(n) = _ n € N.

(\wz,zl + 1)47

It can be directly verified that the sequence ay;(n) satisfies the assumptions of
Lemma 2.1 for each fixed n € N. Therefore by the same lemma we conclude that
the function ¢, (z), given by

~ 1)y (n
(12) Gulz) = P(z) 3 U ama(n),

Z—w
k,lcZ kil

is well defined. By applying the same lemma we have ¢, € A' and
G (wi 1) = g (n).

Next, for each function ¢(z) defined in the complex plane we define the new function
©(¢) by
p2)+olz +1)

Olp)(z) = ZLEET

If p € A* we have O(p) € A. We define the sequence of the function ¢, (z) as the
eleventh iteration of the operator © evaluated in ¢, (2)

(12) n(2) = O (6)(2).

We have that ¢,,(z) is an element of Al for each n € N. Also one can express the
function ¢, (z) as the fixed linear combination (independent of n) of the functions
On(2), On(z+1),...,0n(z + 11). In this section we show that the sequence given by
(127) satisfies the first two assumptions of Proposition 1.2.

Remark. We remark that in the definition (11) of the double sequence ay ;(n) we
could have taken that the exponent is an arbitrary integer > 4. Then by taking the
larger order of the corresponding iteration of © we would obtain other examples
of sequences satisfying the assumptions of Proposition 1.2. The choice of this
exponent and the choice of the eleventh iteration in the definition (12) are the
technical details and the meaning of this particular choice will be understood from
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the proof of Lemma 3.2. Although it is irrelevant we remark that one can choose
the lower order of the iteration in the definition (12") (but not lower than 8).

In the remainder of this paper the notation ¢, (z), ¢n(2), ki (n) is reserved for
the above defined objects. First we prove the following lemma which gives the
needed information about the sequence {ay ;(n)}.

Lemma 3.1. Let (p,q) be a fized pair of integers. Then the sequence {oy (n)}
given by (11) satisfies the following inequality:

(13)
nag,(n) (% + 1)5 —n (% + 1)

for each pair (k,1) and for each n € N.

< A|wpy — wp,ql (1 + [wpy — wpq))*

Proof. For each n € N we define the function f,(z,y) by
41 4 4

LL_%(£+Q_(£+Q

ERNTH A

for z,y > 0. By applying the Lagrange mean value theorem onto the function

(14) falw,y) =n

(% + 1)4 where ¢ > 0 we can estimate the function f,(z,y) in the following way:

z 41 3 3
(15) fn(xay)Sn("i)él‘f—g‘llmax{(f—i—l) ,(g—i—l) }
(% + 1) n o n n n
Now we have two cases. First if y > = we obtain
(16) fa(z,y) < Alz —y|

directly from (15). If z > y we have

E+D)' @+t

xr — 4.
@) S ey =

By combining the above inequality with (15) we obtain
(17) falwy) <dle =yl + |z =yt z>y

Together (15) and (17) imply that the following estimate holds for each z,y > 0
and each n € N:

(18) fulz,y) <4z —y|(1+ |z —y))*

Now we take |wp 4| = @ and |wg;| = y. With this substitution the expression
fo(z,y) defined by (14) agrees with the left side of the inequality (13). Since
w1 — Jwpgll < Jwgg — wpq| the estimate (13) follows from the corresponding
estimate (18) for the function f,(z,y). O

In the next lemma we derive all necessary information about the sequence ¢,,.
All further results related to the sequence ¢, (z) given by (12) are the consequences
of Lemma 3.2.
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Lemma 3.2. Let w4 be an arbitrary fized element of W. Let Ap 4 = {|z—wp 4| <
1}. Then there exists an absolute constant Cy > 0, independent of the choice of
n € N or the pair (p,q), such that the estimate

4
non(z) (—|wp’q| + 1) -n
n
holds for z € A, 4N S1. Moreover for each z € S1 N Ap 4 we have
3
o) (lwpal | 1)
n? (11— G) (Lzal 4 1)

(19) <

(19 |n(2)] — Re(dn(2)) <

where the constant Cy is defined by the relation (2) in the previous section.

Proof. We first prove the inequality (19). The inequality (19’) is a corollary of (19)
as we will see. Set

I

Zz—Ww
" k.l

We note that the sequence ¢, (z) is given as ¢, (z) = P(z)Rn(2). Also set Py(z) =
1
P(2)
Next let wy, 4 be an arbitrary fixed element of the lattice W (we save the notation

wy,,; for all other elements of W). Define the function 1, 4(n)(z) by

4
(20) <an(z) (% + 1) —nP; (z)) = 1p.q(n)(2).

From the definition of ¢, 4(n)(z) we find that 1, ,(n)(2) is an analytic function in
C\ W and it has the first order poles at the points wy; whose residues g ;(n) are
given by

4
(21) )\k,l(n) = (_]_)kJrl |\n0¢kJ(TL) <% + 1> — n] .

We have A, 4(n) = 0 so the function ), 4(n)(z) extends analytically over the point
wp,q. Consider the Taylor expansion of the function v, 4(n)(2) centered at the point
Wp,q and let T, ,(n)(z) be the polynomial of the degree 10 such that v, 4(n)(2)
satisfies the relation

Up,a(n)(2) = Tpq(n)(2) + O((z — wyg)')
for z close to wy 4. Now we define the new function ¢, 4(n)(z) by
_ Ypg(n)(2) = Tpq(n)(2)
(z = wp )" .

The function ¢, 4(n)(2) is a meromorphic function and it has the first order poles
at the points wy; # wp 4. In particular ¢, 4(n)(2) is analytic at the point w, 4.
The residues i, (n) of ¢p4(n)(2) at the points wg; # wy 4 are given by

- )\k,l(n)
')/k,l(n) - (wk,l _ wp7q)11'

Pp.q(1)(2)
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By the application of Lemma 3.1 we obtain the estimate

|wi,1 — wpq|(1 + |wg; — wp,q|)4
[t — wp,q| '

|wi, 1 — wp | (1 + |wy, — wp,q|)4

[y (n)] < 4 ]
Wit — wp,q' (% + 1)

<4

for each pair (k,1) # (p, q). Define the function D, 4(n)(z) by

Dpym)(x) = 3 2l

kD) Epa) © Uk

We will soon see that D, 4(n)(z) is well defined and that D, 4(n)(z) = ¢, ¢(n)(2).
First we estimate D), 4(n)(z). Since 7, 4(n) = 0 we simply estimate | Dy, 4(n)(z)]
as

[Dyp,q(n)(2)| < Z g (n)]

(b)) |7 ]

By applying the estimate (13) from Lemma 3.1 we obtain the following chain of
inequalities:

g g (i —wp g )
D)) < Y ';"_g}
(22) (D) #(p,a) i
_ Z |k +dl|(1+ |k +dl|)*
|k +dl] "2 — Wprrgt|

(k,1)#(0,0)

It is clear that the last sum in (22) exists for each z € C\ W and that it does not
depend on n € N.

In order to show D, ,(n)(z) = ¢pq(n)(z) we consider arbitrary sequence of
complex numbers {z,,},m € N, such that z,, — co,m — oo and such that the
distance between z,, and W is positive and uniformly bounded from below for all
m € N. Then directly from (22) it follows that D, 4(n)(zm) — 0. The same fact

holds for the function ¢, 4(n)(z). Moreover we have ¢, 4(n)(zm) = O (ﬁ) for

fixed n € N and pair (p, q) (see the definition of ¢, 4(n)(%)). Functions D, 4(n)(2)
and ¢, 4(n)(z) have the same singular parts at the points wy; and we conclude
that D, 4(n)(2) — ¢p.q(n)(2) is a bounded entire function approaching zero when z
approaches co. Therefore Dy, ,(n)(z) = ¢p,q(n)(2).

So we have

Z |k + 4| (1 + |k +dl])*
|k +il|" 2 — wptk,g+i

l¢p,q(n)(2)] <
(k,1)#(0,0)

for each pair (p,q) and z € C\ W. If we multiply both sides in the above inequality
by |P(z)| we obtain

|k +dl|(1+ |k +dl|)*
) |k +il|' |z — Wpsr,g+]

|P(2)epq(n)(2)] < [P()]

(k,1)#(0,0

for each pair (p,q) and z € C\ W. But from the above estimate we see that the
function P(z)¢p ¢(n)(2) is uniformly bounded on the whole domain S;. Indeed,
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from (2") we have
P
POl .
|Z — wk,l|
for each pair (k,l) and z € S;. We conclude that the estimate

IP(2)ppq(n)(2)| <C1 Y GBI b+l

_ /
|k + |1 =06

(k,1)#(0,0)
holds for each z € Sy, and the constant C represents the sum of the above series.
Now we apply definition (12) and the definition of v, 4(n). By multiplying the
above inequality by |2 — wj 4|'* we obtain that the inequality

5 o (lenal L
PO na0)(E) = Ty = 1a() (24 +1) == PEIT 00000

< C103l2 — wp o'

holds for each n € N, pair (p,q) and every z € Si. In particular we choose the
constant Cs such that the inequality

(23) <

n

nd(e) (121l 1)4 — 0= P()Tyg(n)(2)

holds for each z € S; which satisfies the condition |z —wy, 4| < 20. We now apply the
operator O to the function whose absolute value is on the left side of the inequality
(23). But first note that if T'(z) is an arbitrary polynomial of some degree m € N
we have that the degree of the polynomial T'(z + 1) — T'(z) is equal to m — 1. After
one application of O from (23) we obtain

, (qsn<z+1;+<£n<z>> <|w2,q| +1)4

e P(2) (Tpvqm)(z) T (n) (= + 1>>

(24)

5 < Cs.
The above estimate holds for z € Sy and |z — wp 4| < 19. In the expression on the
left side of (24) we have used the fact that P(z) = —P(z + 1). We now repeat the
process 10 times. We take the eleventh iteration of the expression whose absolute
value is on the left side of inequality (23). The resulting inequality of this process
is inequality (19) in the statement of this lemma and it holds for each z € Sy and
|z — wpq] <9 (the corresponding polynomial is of the degree zero in the eleventh
iteration). In particular we have that inequality (19) holds for z € S1 N A, .

Suppose that K > 0 and w € C are two arbitrary numbers such that K > |w|.
We have the estimate

Im?(w)

_ < 2\
(25) |K + w| — Re(K + w) < K [u]

We set K =n and
4
w = non(2) (@ + 1) —n.

With this substitution and by combining inequalities (19) and (25) we derive in-
equality (19'). O
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The previous lemma gives an estimate good enough for the expression |¢,,(z)| —
Re(¢n(z)) in the case z € S;. And we will soon see that this estimate directly
implies that the sequence

[16n] = Retén)
S1

is uniformly bounded. But if z is not in S7, then the estimates (19) and (19') do
not hold anymore for such z because one can find the point z € S\ Sy, which is
very close to the point zj;, which is a possible pole of ¢, (z). However it is natural
to expect that just by using inequality (19) (which holds on S;) one can prove that
there exists the corresponding integral form of inequality (19) in the neighborhood
of the point zj; for each (k,1). That would result in the way that the sequence
of integrals of the functions |¢,| — Re(¢y,) is uniformly bounded if the domain of
integration is the whole complex plane. This is exactly the second assumption of
Proposition 1.2. The following proposition resolves this issue.

Proposition 3.1. Suppose that a(z) is an analytic function on the unit disc which
satisfies

la(2)] < C3

for |z| < % Let K be an arbitrary positive number which satisfies the condition
K > 8C5. Then there exists a constant Cy which depends only on the upper bound
Cs such that the estimate

[ (2 ] e (221 ) )y <

z
z K
lz|<g

holds.

Proof. We apply the Green’s formula to the functions |2|? and u(z) =

1 ¢ -
Re (@ + K) over the domain A, = {r < |z| < £}. Although the function u(z)

is not of the class C? at every point of the domain A, the Green’s formula remains
valid in this case (see the remark in the next section). We have

w(z) — |22 Au(2)) dedy = Ot Z
A/T(4() |2[* Au(2)) dzdy |Z|[1 <8nU(2)—ag—S)|le>|d|

-%t/ <§%§fu@)—f%§fhzﬁ>|d4.

|z|=r

Here 8% denotes the derivative taken with the respect to the outer normal vector
n. It is clear that the last integral on the right side of the above formula tends to
zero when r — 0. So by letting » — 0 and since u(z) is a positive subharmonic
functions we obtain
(26)
2
4 / u(z)dzdy < / |22 Au(z)dzdy + / (‘ma%u(z)‘ + ‘ag—(z)|z|2 > |dz]|.

n

1< 1<} 1=
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Set
v(z) =K+ ﬁ.
z
We have the the following equality:
Oulz) _ ZGERe(v(z) + S Im(v(z) _ ORe(v(2))
on lv(2)] on
For |z| = & we obtain the estimates
e Im(v(z)) | _ 8C5C
[v(2)] -~ K —8C5’
ORe(v(z
PR Re(v(z))  ORe(v(2))| _ _(8C5)2Cy
[v(2)] on — (K —8C%)?%
Together the above estimates yield
- 8C3C4 N (8C3)*Cy (1
- K-8C; (K —28C3)? N K
/
a;)) for

ou(z)
on
where C} is the upper bound of the absolute value of the first derivative (
2| = £. We have that C depends only on C3. From the above estimate we derive

w1=0(L).

el e

on

the relation
lz[=3%
Similarly by applying the estimate (25) we obtain
(8C3)* 1
%)

9]z
dz| < =
/ ‘ on 3|14l s e
lzl=3
It remains to estimate the first integral on the right side of the inequality (26).

_ )P

First one verifies that the formula
Au(z) =
lv(z)]

/\2

holds for each z # 0 (see the following section). By applying the above equality we
27 (Cs)?

K
K-35

have
L = / |22 Au(z)dzdy < /
203 <z|<
203w we obtain

K

TR <lzl<i
2C3
a(Fw)
K + 1| dwidws

Next, by the change of variables and from substitution z =
2
A

(2C5)?
K
Jw|<1

I, = / |22 Au(z)drdy =

2C.
lz|< %2
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where w = wy + tw2. The integral

[ ks

Jw|<1

a(%w)

1

dw1 dw2

is uniformly bounded and that bound depends only on C5. That can be veri-
fied directly by applying the Green’s theorem to the functions |w|? and b(w) =

2C3w

2C
alZw) + 1‘. By estimating the resulting relation in the same way as we did
above we obtain the following inequality (similar to the inequality (26)):

/|w|2Ab(w)dw1dw2§ /4b(w)dw1dw2

|w|<1 Jw|<1

] (ol |

w|=1

> |dw| = O(C3).

The previous conclusion is also a corollary of Proposition 4.1 from the next section.

From the previous inequalities we see that both I; and I are of the form O(%)
whenever the upper bound Cj is fixed. Since I = I; + I> we conclude that there
exists a constant Cy such that the proposition holds. [l

We are now ready to prove that our sequence ¢, (z) satisfies the first two prop-
erties of Proposition 1.2. We have

Lemma 3.3. The sequence ¢, (z) given by (12') satisfies the conditions:
1° limy o0 Pn(2) = 1, for z € S.
2° There exists a constant C' such that

/ |6u] — Re(n) < C.
C

Proof. We first show that condition 2 is satisfied. Set E, ; = A, ;N S1. From the
inequality (19") we conclude

nC3
@) [ (6u(2)] - Re(on(2)) dady < i
B n? (1 S) (Leeal 4 1)
Next we note that the set Ap,q — E,, is a union of four discs centered at the

poir?ts‘ Zp.q» Zp+1,q5 Zp,g+1, Zp+1,q+1 of radii %. We set the substitutions K = n and
for i,7 = 0,1 we set

4
a; i\ 2 w
’Laj( ) :n¢n(2+zp+i,q+j) (l 107<1| +1> —n.

z n
From the inequality (19) we conclude that the inequality % < (5, holds for % <

|2 — Zktiitg] < % Therefore we can apply Proposition 3.1 onto the corresponding
K (for n large enough we have that the corresponding K satisfies the assumption
of Proposition 3.1) and four times respectively to each a; ;(z). We obtain

4Cy
n2 (‘w:l,q‘ + 1)4

1

S [ ol - Belon) <

=0
bd lz]<3}
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By combining the above estimate and the estimate (27) we derive the following:

— < wC3 -
A{q |¢n('z)| R€(¢n(z))dxdy — n2(17%)(‘w%q‘+1) + 4C4

4
n2 (‘wpyﬂ + 1)
2max{rC3,4Cy}

= 1
n? (11— S) (Leeal 4 1)
Since the family of discs A, 4 covers the whole plain, after the summation over all
p,q € Z we obtain

2max{rC2,4C,
@) [lonl - Re(ou(dedy < 3 B
C p.q n2 (1 — %) (—‘wfb’q‘ + 1)
The series on the right side of the previous inequality can be estimated as
1 dxd
S S e =l o)
P.q n2<%+1) & n2<‘in‘+1)

where o(1) — 0 when n — oo. Moreover by switching to the polar coordinates we
evaluate the integral I,, as

N el nsni e
On —|—1 0t+

From (28) we find

/ 0] — Re(gn) < 1P 4 o)

n

Now it is clear that we can choose a constant C so that the condition 2° of this
lemma is satisfied.

Next we prove that the sequence ¢,,(z) satisfies the condition 1°. We know that
bn(wp.q) = apq(n) — 1 when n — oo for each fixed w, 4. Because of that and from
the definition (12’) we conclude that ¢, (wp,4) — 1 when n — oo for each fixed
wp,q. We just have proved that the sequence ¢, (z) satisfies the condition 2° of this
lemma. By applying the mean value property for analytic function we conclude
that the sequence of integrals of |¢,(z)| is bounded on every compact subset in S.
Therefore the sequence ¢, (z) is a normal family. That means that any subsequence
of ¢, (z) converges to some analytic function ¢(z) on S. Moreover from inequality
(19') we conclude that for each z € S we have |¢,(2)| — Re(¢n(z)) — 0 and as
a conclusion we have ¢(z) = 1, z € S for any possible limit function ¢(z). This
proves that ¢, (z) satisfies the condition 1°. O

4. PROOF OF THEOREM 1.1

In this section we prove that the sequence ¢, (z) given by (12’) satisfies the third
assumption of Proposition 1.2. The final conclusion is given by Lemma 4.3. First
we investigate the meaning of the corresponding third condition from Proposition
1.2. The following results are related to the local and global properties of a certain
wide class of integrable meromorphic functions.
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Lemma 4.1. Suppose that a(z) is an analytic function in the disc Ay of radius %

centered at the origin. In addition suppose that \ is a complexr number and let Ky
be any positive number such that the following holds:

(29) (=) + 2| < Ko

for |z| = . Then if K > 3K, and if Qx = {z € Ay : |a(z) + 2| > K} we have the
estimate
4 2
(30) [ la(e) + Zidady < 7
QK

K — 2Ky’

Proof. Note that from assumption (29) we obtain |za(z) + A| < |z|Ko for |z| = .
It follows from the maximum principle that [A| < %. By applying the triangle
inequality and by using the fact that a(z) is analytic we obtain |a(z)| < 2Kj. If we
consider the inequality

A
a(z) + 2| 2 K

we conclude that Qg is contained in the disc Ag = {|z| < K+2KO} Further we
have

27T/\2K0 271'/\2
(K —2K,)* (K —2K)’

/ ja(2) + 2oy < / ja(2) + 2 dady <
QK AK

Since we have assumed that K > 3K, inequality (29) follows directly from the
previous inequality. O

It is clear from the previous lemma that we need to estimate the squares of
residues of the functions ¢, (z). One can easily derive the satisfactory estimate
directly from the considerations in Section 3. But we want to give the more general
estimate of this type (which does not depend of the particular choice of the sequence
¢n(2z)) and thus we have the following.

First we recall a few basic facts about subharmonic functions (see [7]). Suppose
that U is a bounded domain in the complex plane and let v(z) be a nonnegative,
locally integrable subharmonic function given on U. Suppose that C§°(U) denotes
the space of all infinitely differentiable functions with compact support in U. More-
over suppose that function v(z) has a weak Laplacian Av which is a locally finite
Lebesgue measurable function, which satisfies the following Green’s formula:

(31) / (Av)dm = / v(Ar)dm,
U U

where dm is the derivative of the Lebesgue measure, and 7 € C5°(U).
Let V denote a domain compactly contained in U, V' C U. The following
statement is well known. For the sake of completeness, we include the short proof.

Proposition 4.1. With the notation stated above we have that there exists a con-
stant C(U, V), such that the following holds:

(32) V/ Av < C(U,V) / vdm

U
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where the constant C(U,V') depends only on the choice of the domains U and V
and not on the choice of the function v(z).
Proof. Let us choose the function 7, 7 € C§°(U), which satisfies
7(z) > 0, zeU,

and

Put
cU,v)= Iglea5(|AT|(Z).
Since v(z) is nonnegative, by applying the Green’s formula (31) we obtain
/(Av)dm < /T(Av)dm: /U(AT)dm < C(U, V)/vdm.

v U U U
From the last inequality we obtain that inequality (32) holds. O

If a(z) is an analytic function defined on the domain U, then |a(z)| is a nonneg-
ative subharmonic function on U. The weak Laplacian of |a(z)] is the locally finite,
Lebesgue measurable function given by

Alal =

(@]

Remark. We note that the function |a(z)| is not necessarily of the class C?, so
one cannot apply the classical Green’s formula directly because it requests that
the functions involved are of the class C?. But we can apply the classical Green’s
formula onto the reduced domain of integration. That is if we take out the small
discs surrounding the points where |a(z)| is not of the class C? and by letting the
radii of these discs to tend to zero, one would have that the corresponding singular
parts tend to zero. That implies that the Green’s formula remains valid in this
case (see [7]). The Laplacian Ala(z)]| is the absolute value of the locally integrable

N2
meromorphic function ‘%‘ (it has at most the first order poles). So the Green’s

formula (31) holds if we apply it on the function |a(z)].
We have the following corollary of Proposition 4.1.

Lemma 4.2. Let ¢ € A'. Then there is a universal constant Cs such that the
following inequality holds:

(33) Alg| < Cs [ |¢] — Re(o).
[s=e]
Proof. Set
U=[-1<x<2?-{0,1,i,1+i}, V=[0<z<1]*NS;.

The domain V is compactly contained in U. Set C5 = 9C(U, V), where C(U,V)
is the constant from Proposition 4.1 for this choice of domains U and V. We set
Via =V + 21y and Up; = U + 2. By applying the previous proposition to
the domains Vj; and Uy, and after taking the sum over k,! € Z, we obtain that
inequality (33) holds. O



EXTREMAL PROBLEMS FOR QUASICONFORMAL MAPS 1649

Lemma 4.3. Let {¢,(2)} be the sequence given by (12"). Then ¢, (z) satisfies the
following:

uniformly in n € N. Set Qg ,, is given by
Qrn={2€85:|o.(2)| > K}.
Proof. Set

s$n = sup [@n(2)].
z€S1
From Lemma 3.2 and in particular from inequality (19) we conclude thatif z € A, 4
and z € S1 we have that |ap 4(n) — ¢n(z)| is uniformly bounded, that is the bound
can be taken not to depend on a choice of pair (p,q) or n. In particular each
Sp 18 a finite positive number. So we conclude that there is a constant Ky such
that s, < Ky (moreover it follows from (19) that s,, — 1,n — o0). Therefore for
K > K we have that Qg ,, is a subset of S\ S1. In the neighborhood of the point
Z1,1, the function ¢, (2) is of the form

Ak,i(n)
Z — 2k,

Pn(2) = ar,1(n)(2) +

where ay;(n)(z) are analytic functions and Ax;(n) the residues of ¢, (z) at the
points 2z ;. We now apply Lemma 4.1. We may assume that K > 3K,. After the
summation we derive the estimate

(34) [ 160l < e > st

Qr,n

On the other hand from Lemma 4.2 and from the condition 2° of Lemma 3.3 we
deduce that

/|2
(35) > '[Z) '| e / (6l — Re(n) < C5C
kol 1 $<lz—zpal<%
holds for each n € N. Consider the function dy;(n) = (z — 2,)* (¢, (2))%. dii(n) is
an analytic function in {|z — 2| < %} and dg ;1 (n)(2x,1) = Ak,1(n). By applying the
mean value theorem onto the function di;(n) and by using the fact that |¢, ()] <
K, for z € S1, we obtain

16(2)]? 2416 () A
dxd — 2 dxd L
/ on(2)] Y 2 / on(z)] W 2 T3k,

§<|272ky1,‘<i %<‘Z*Zk,l|<i

After the summation over all z;; € Z and by using (35) we find
32
> Aean)]? < — KoC5C.
k,l

Now directly from the previous estimate and by applying (34) we prove the lemma.
O



1650 V. MARKOVIC

Proof of Theorem 1.1. We have constructed a sequence which satisfies the assump-
tions of Proposition 1.2. The proof follows directly from Lemma 3.3, Lemma 4.3

and Proposition 1.2. O
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